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^s^ ^ Abstract 

$H ' Let p be a prime number and r > an integer. Let K he a, complete discrete valuation 

Mh, field of mixed characteristic (0,p) with perfect residue field and absolute ramification index e. 

In a previous paper, under the condition er < p— 1, we showed a full faithfulness theorem for 
torsion crystalline representations of Gal{K/K) with prescribed Hodge- Tate weights in [0, r]. 
In this paper, we prove the same theorem under the refined condition e(r — 1) < p — 1. This 
refined condition is the best possible for many K. We apply our full faithfulness theorem to 
p-H , show the non-existence of crystalline lifts with prescribed small Hodge- Tate weights for torsion 

^^ ■ representations associated with Tate curves. 
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t^ ■ 1 Introduction 
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Let p be a prime number and r > an integer. Let K he a complete discrete valuation field 
of mixed characteristic (0,p) with perfect residue field and absolute ramification index e. Let 
TT — ttq he a uniformizer of K and 7r„ a p"-th root of n such that 7rJ^_|_]^ = 7r„ for all ji > 0. Put 
Koo — Un>o ^i'^n) and denote by Gk and Goo absolute Galois groups of K and i^oo, respectively. 
^js. • A torsion Zp-representation of Gk is said to be torsion crystalline with Hodge-Tate weights in [0, r] 

f~^ ' if it can be written as the quotient of two lattices in some crystalline Qp-representation of Gk with 

OQ . Hodge-Tate weights in [0,r]. For example, a torsion Zp-representation of Gk is finite fiat if and 

.,— b ' only if it is torsion crystalline with Hodge-Tate weights in [0, 1]. 

(^ . Our main result in this paper is the following. 



m 



X 



Theorem 1. Suppose e(r— 1) < p—l. Then the functor from torsion crystalline Zip-representations 
of Gk with Hodge-Tate weights in [0, r] to torsion Zp-representations of Goo, obtained by restricting 
the action of Gk to Goo, is fully faithful. 



;h ■ This full faithfulness theorem was first proved by Breuil for e = 1 and r < p — 1 via the Fontaine- 

^.' LafFaillc theory f |Brlj . the proof of Theorem 5.2). He also proved Theorem[T]under the assumptions 

p > 2 and r < 1 as a result on a study of the category of finite flat group schemes ( |Br21 Theorem 
3.4.3]). His result was extended to the case p = 2 in [Kl], [Laj . |Li2] (proved independently). On 
the other hand, Abrashkin proved the full faithfulness in the case where p > 2,r < p and K is 
a finite unramified extension of Qp f |Ab2[ Section 8.3.3]). His proof is based on calculations of 
ramification bounds for torsion crystalline representations. In [0z| . a proof of Theorem [T] under 
the assumption er < p — 1 is given via {ip, G)-modules. Our main result is a direct generalization 
of these results. We prove our main result by improving the methods of | 0z| , thus main tools we 
use are {(p, G')-modules. 

If i^ is a finite extension of Qp and e(r — 1) > p — 1, there exist a lot of counter examples of 
the full faithfulness. In fact, denoting by Gi the absolute Galois group of K{tti), we have 
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Theorem 2 (= Special case of Corollary [26l) . Suppose that K is a finite extension ofQp, and also 
suppose e I (p — 1) or (p — 1) | e. // e(r — 1) > p — 1, then the functor from torsion crystalline 
Zp-representations of Gk with Hodge-Tate weights in [0,r] to torsion 'Lp-representations of Gi, 
obtained by restricting the action of Gk io Gi, is not full. 

In particular, if p = 2, then the full faithfulness does not hold for any finite extension K of Q2 
and any r > 2. Theorem [2] implies that the condition "e(r — 1) < p — 1" in Theorem [T] is the best 
possible for our full faithfulness theorem for many finite extensions K of Qp. 

The latter half part of this paper is deduced to a study of crystalline lifts. Motivated by |CL2i 
Question 5.5], for a given torsion representation T, we calculate the minimum integer r with the 
property that T has a crystalline lift with Hodge-Tate weights in [0, r]. We mainly compute such 
r for various Fp-representations of rank 2. We apply Theorem [T] to guarantee the non-existence of 
crystalline lifts with "small" Hodge-Tate weights for torsion representations associated with Tate 
curves (see Proposition [22]) . 

Acknowledgements. The author would like to thank Shin Hattori, Naoki Imai and Yuichiro 
Taguchi who gave him many valuable advice. This work is supported by the JSPS Fellowships for 
Young Scientists. 

2 Preliminaries 

In this section and the next section, we fix an odd prime number p > 2. (We remark that, as 
explained in Introduction, Theorem [T] has been known Up = 2. Thus we may omit this case for 
our proof of Theorem[T]) Let fc be a perfect field of characteristic p, W{k) the ring of Witt vectors 
with coefficients in fc, Kq — W{k)[l/p], K a finite totally ramified extension of Kq, K a fixed 
algebraic closure of K and Gk — Ga,l{K / K) . We fix a uniformizer tt G K and denote by E{u) its 
Eisenstein polynomial over Kq. For any integer n > 0, let 7r„ G X be a p"-th root of tt such that 

7rJJ+i = TTn- Let Koo = U«>o^(^") ^'^d '^00 = Gal{K/Kao)- 

For any topological group H, we denote by Reptor(i7) the category of finite torsion Z^-modules 
equipped with continuous linear _ff-action. For an integer r > 0, we say that T e RepjQj.(Gi<-) 
is torsion crystalline with Hodge-Tate weights in [0,r] if it can be written as the quotient of two 
lattices in some crystalline Qp-representation of Gk with Hodge-Tate weights in [0,r]. We denote 
by Rep^Qj.(G'i<-) the category of them. 

Let R = lim O-j^/p, where O^ is the integer ring of K and the transition maps are given by the 
p-th power map. Write tt = (7r„)„>o S R and let [tt] S W{R) be the Teichmiiller representative of 
TT. Put & = W^(/c)|u]. We equip a Frobenius endomorphism tp oi & hy u 1-^ u^ and the Frobenius 
on W{k). We embed the M^(fc)-algebra W^(fc)[M] into W{R) via the map u i~-> [tt]. This embedding 
extends to an embedding 6 ^—^ W{R). It is readily seen that the embedding 6 ^->- W{R) is 
compatible with the Frobenius endomorphisms. 

2.1. Kisin modules. A if -module [over 6) is an 6-module OJt equipped with a iy9-semilinear map 
(p: 9Jt — > 9Jt. A morphism between two iy9-modules ([DTi,iy9i) and (9712,1^32) is an ©-linear map 
OJti -^ 3JI2 compatible with ipi and (^2- Denote by 'Modyg the category of (/j-modules (9K, 93) of 
height < r in the sense that 371 is of finite type over 6 and the cokernel oil® Lp: & <8i<p,e 9TI — ?► 971 
is killed by E{uY . Let Mod/@^ be the full subcategory of 'Mod/g consisting of finite ©-modules 
which are killed by some power of p and have projective dimension 1 in the sense that COT has a two 
term resolution by finite free ©-modules. We call an object of Modyg^ a torsion Kisin module 
[of height < r). For any torsion Kisin module 971, we define a torsion Zp-representation Tg(97t) of 
Goo by 

Teim) = Home,^(97t,(Qp/Zp ®z^ ©"). 

Here, a Goo-action on re(97T) is given by {a.f){x) = cr{f{x)) for a G Goo,/ e re(97t),x e 971. 



2.2. {ip,G) -modules. Werecallthetheory of torsion ((p,G)-niodules. Let 5' be the p-adic completion 
of the divided power envelope of W{k) [u] with respect to the ideal generated by E{u). There exists 
a unique Frobenius map tp: S ^ S defined by ^{u) — u^. Put Skq ~ S\^lv\ — ^o <8)w(fc) ^- The 
inclusion VK(fc)['u] '-^ W{K) via the map u H^ [tt] induces 99-compatible inclusions 6 M' 5 ^-> A, 



ens 



and Skq '~^ ^mis- -^^^ ^ choice of primitive p*-root of unity Cpi for i > such that Ci+i = Cp*- 
Put £ = (CpOi>o e i?^ and i = log([e]) € ^cris- Denote by i^: W[R) -^ W{k) a unique lift of 
the projection R ^ k, which extends to a map v. B^^^^ — > W{k)[l/p]. For any subring A C i?cris' 

we put I^A = Ker(i/ on -B^jg) n A. For any integer n > 0, let i^"^ = t'^'"''7g(n)(^ ) where 

n = (p — \)q{n) + r(n) with q{n) > 0, < r{n) < p — 1 and ^i{x) = ^ is the standard divided 
power. We define a subring TZko of Bj^j^ as below: 

00 
Ti-Ko = iX! /«^^'^ I /^ ^ -^^0 and /; ^- as i -> co]. 

i=0 

Put :^ = TlKonWiR) and /+ = /+7^. Put A' = U„>o ^oo(Cp") and G = Gal(A:/A:). Lemma 2.2.1 
in |Lil) shows that TZ (resp. TZko) is a (^-stable 6-algebra as a subring in W{R) (resp. i?CTis), and 
u induces TIko/I+'R-Ko ^ -f^^o and :^//+ ~ S'//+S' ~ 6/7+6 ~ W{k). Furthermore, 1z,I+,TZko 
and I+TZko are Gi^-stable, and G/f-actions on them factors through G. For any torsion Kisin 
module DJl, we equip TZ (D,p^e ®t with a Frobenius by ipj^ €5 </3ot- It is known that the natural map 
DJl ^>- TZ (8) 1^,6 2t given by x i->- 1 ig) x is an injection ([CL2j Section 3.1]). By this injection, we 
regard 9Jl as a (/3(6)-stable submodule of TZ®^^e 931. 

Definition 3. A torsion {cp, G)-module [of height < r) is a triple 971 = (SDt, 1^9^, G) where 

(1) (9Jt, ipm) is a torsion Kisin module (of height < r), 

(2) G is an 7?.-semilinear G-action on TZ ®^^e OT, 

(3) the G-action commutes with ipj^ ® (p<xii, 

(4) 9Jt c (7^ (g)^,e 9^)^'^ where iJ^ = Ga\{K/K^), 

(5) G acts on the T:4^(fc)-module {TZ (g)<^,e 9K)//+(:^ (g)<^,s 9Jt) trivially. 

A morphism between two torsion ((^9, G)-modules 9Jti ~ (9Hi,(pi,G) and 97l2 = (9JT2 , </'2 , G) 
is a morphism /: 9JTi — > 9JT2 of (^-modules such that TZ ® f : TZ (8)<^,e 97li -^ TZ ®^^e SR2 is G- 
equivariant. We denote by Mod^'g the category of torsion (93, G)-modules of height < r. We 
often regard TZ ®ip^e 9!Jt as a G/^r-module via the projection Gk -^ G. For a ((^, G)-module fDt, we 
define a Zp-representation T(9Jl) of Gk by 

f (fm) = Hom^^^(:^ ®^,e 9J1, Qp/Zp ®Zp VF(i?)). 

Here, Gk acts on f(<m) by {(T.f){x) = cr(/(CT-i(x))) for a £ Gk, f e f(<H), x G ^^ «)^,e 971. 
Then, there exists a natural Goo -equi variant raap 

6i:re(97t)^f(OT) 

defined by e{}){a®ra) = aip{f{m)) for / e re(97t), a G ■^, m e 971. 

Fix a topological generator r of Gal( AT/iiTpcx, ) where Kpo-:, = Un>o-^(Cp")- We may suppose 
that (pn. = r(7r„)/7r„ for all n, and this implies t{u) = [e]u in W{Iij. There exists t G W{R) \ 
pW^(i?) such that (p{i) = pE{0)~^E{u)i. Such t is unique up to units of Zp (cf. |Lil[ Example 

2.3.5]). 

Now we define the full subcategory Mod?g '"^^ of Mod^g consisting of objects fOT which satisfy 
the following condition; t{x) — x £ uPip{t){W{R) (8)ip,e 971) for any x e 97T. 



Theorem 4. (1) f |CL2[ Theorem 3.1.3 (1)]) The map 9 is an isomorphism ofZplGooj-^odules. 

(2) ( [GLSl Proposition 5.9]) For any T e Rep['„(GK), there exists M G Mod^'g^"' such that 
T::::if{m) ofZp[GK]-modules. 

(3) ( [Oz[ Lemma 7]) Suppose eir — 1) < p — 1. Then the forgetful functor Mod'^U '^''^^ — >■ Mod/@^ 
is fully faithful. 

2.3. Maximal Kisin modules. We give a very rough sketch of the theory of maximal models for 
Kisin modules. Our sketch here is the case where "r — cxd" in |CL1| . For any 971 G Mod/@^, 
put 9Jl[l/u] = ©[1/w] (g)s sot and denote by F6(9Jt[l/u]) the (partially) ordered set (by inclusion) 
of torsion Kisin modules 91 of finite height which is contained in 3Jt[l/u] and 91[l/?i] = 9Jt[l/w] 
as (/^-modules. Here, we say that a torsion Kisin module is of finite height if it is of height < 
s for some integer s > 0. The set Fe(3Jl[l/u]) has a greatest element (cf. loc. cit, Corollary 
3.2.6). We denote this element by Max(9Jl). We say that SOT is maximal if it is the greatest 
element of Fe(OJt[l/M]). The implication DJl i— >■ Max(9Jt) defines a functor "Max" from the category 
of torsion Kisin modules of finite height into the category Max/g^ of maximal torsion Kisin 
modules. The category Max/g^ is abelian (cf. loc. cit, Theorem 3.3.8). Furthermore, the functor 
Ts: Max/e^ ^ Rept„(Goo), defined by Te{m) = Home,<^(S[)T,Qp/Zp ^z, W{R)), is exact and 
fully faithful (cf. loc. cit, Corollary 3.3.10). It is not difficult to check that Te(Max(9Jt)) is 
canonically isomorphic to Tg (971) as representations of Goo for any torsion Kisin module 971. 

Definition 5 f [CLl[ Section 3.6.1]). Let d be a positive integer. Let n = {ni)iez/dz be a sequence 
of non-negative integers of smallest period d. We define a torsion Kisin module 97t(n) as below: 



as a fc|u]-module, 97T(n) = 0igz/dz^M 



e,: 



• 



for all i e TLjdTL, ip{ei) — w"'e. 



i+l- 



We denote by 5max the set of sequences n — {ni)i(zz/dz of integers < n^ < p — 1 with smallest 
period d for some integer d except the constant sequence with value p — 1. It is known that 97T(n) 
is maximal for any n e 5max f [CLli Proposition 3.6.7]). If k is algebraically closed, then 97T(ti) 
is simple in Max/g^ for any n € iSmax (cf. loc. cit., Proposition 3.6.12) and furthermore, the 
converse holds; any simple object in Max/g^ is of the form 97l(n) for some n S 5max (cf. loc. cit.. 
Proposition 3.6.8 and 3.6.12). 

Proposition 6. Assume that k is algebraically closed. Then any d-dimensional W p-representation 
T of Goo is of the form rg(97t(n)) for some n G 5i„ax of period d. 

Proof. By Proposition 5.6 of |CL2| . we see that T is of the form T'g(97t) for some torsion Kisin 
module 971. Replacing 971 with Max(97T) , we may suppose that 971 is maximal. Since T is irreducible 
and the functor Tg on Max/g^ is exact and fully faithful, 971 is a simple object of Max/g^ . By 
Proposition 3.6.8 and 3.6.12 of loc. cit., we finish a proof. D 

3 Proof of Theorem [1] 

In this section, we prove Theorem [TJ We start with the following lemma, which should be well- 
known to experts, but we include a proof here for the sake of completeness. 

Lemma 7. The full subcategory 'R.&p[^^{Gk) of Y{B\i^.^^{G k) is stable under formation of subquo- 
tients, direct sums and the association T i— >■ T'^(r). Here T^ = Homz {T,Qp/Zp) is the dual 
representation of T . 

Proof. Let T e Yle\i[^^{G k) be killed by p" for some n > 0. Assertions for quotients and direct sums 
are clear. We prove that T^(r) is contained in Rep[o,.(GK). There exist lattices Li C £2 in some 



crystalline Qp-representation of Gk and an exact sequence ^- ii ^- L2 ^ T ^- of Zp[GA']- 
modules. This exact sequence induces an exact sequence — t- T — > Li/p'^Li — > L2/p"i2 — > T — > 
of finite Zp[Gi<-]-modules. By duality, we obtain an exact sequence — > T^ — > (i2/p"i2)^ — > 
{Li/p"-LxY -> T^ — > of finite Zp[Gif]-modules. Then we obtain a Gif-equivariant surjection 
LX -*> T^ by the composite L\ -^ V( /p^LX ^ {Li/p^LiY -^ T^ of natural maps (here, for any 
free Zp-representation L of G^, i^ :— Honi^ {L,Zp) stands for the dual of L). Therefore, we 
obtain L\(r) -» T'^{r) and thus T'^{r) G Kepl^j.{GK)- In below, we prove the stability assertion 
for subobjects. Let T' be a Gi<--stable submodule of T. We have a G/^-equivariant surjection 
f : Li ^i T^ -i> {T'Y . Let L'2 be a free Zp-representation of Gk such that its dual is the 

kernel of /. We have an exact sequence -^ {L^Y -^ L^ ^ {T'Y ^ of Zp[GK]-modules. 
Repeating the construction of the surjection L^ -» T^, we obtain a Gx-equivariant surjection 
L'2 = (^2)^^ ^ (T'Y"" = T' and thus we have T' e Rep^^^XCx). □ 

Lemma 8. Let d he a positive integer. Let n = (jT^Oiez/dz be a sequence of non-negative integers 
of smallest period d. Suppose 9Jt(n) is of height < r. Then 9Jt(n) has a structure of an object of 

Mod;;'|;^"■'^ 

Proof. Choose any {p'^ — l)-th root 77 e i? of e. Since [77] • exp(— t/(p'^ — 1)) is a {p'^ — l)-th 
root of unity, it is of the form [a] for some a £ F^^. Replacing 77 with rja~^, we obtain [77] = 

exp(i/(p'^ - 1)) e H''- Put Xi = [77]"' e :^^ and x^ = t;™- e {n/pUY C i?"" for any i £ Z/dZ, 
where rrii = X^i^o "■j+jP'' ''■ We know that x; — 1 is contained in I^TZ since i^([?7]) = 1. Now we 
define a G-action on TK^^^e 2t by r(ei) :— XiCi for the basis {ei}igz/dz of 97l(n) as in Definition[Sl 
It is not difficult to check that 9}T(n) has a structure of an object of Mod'^g via this G-action. It 
suffices to prove that this {ip, G)-niodule is in fact an object of Modyg '^"''. Let vr be the valuation 

of R normalized such that vji{u) = 1/e and define t = t mod pW{R) an element of R. Note that 
we have vr{£— 1) — p/{p — 1) and w_R(i) — l/(p — 1) (here, the latter equation follows from the 
relation ip{i) = pE{QY^E{u)i). Thus we see that VR{x^ - 1) = pM^^) . p/{p - 1) > p^/{p - 1) > 
p/e +p/{p — 1) = vniu^ipli)). This implies the desired result. D 



Corollary 9. Put tq = niaxjr e Z>o;e(r — 1) < p — 1}. If n E SmuK, then 9Jl(n) has a structure 



0/ 077 object o/Mod7g ''^"'^, which is uniquely determined. We denote this {ip^G) -module &7/S[Jl(n). 



Proof. Since 97l(n) is of height < ro for any n e 5max, the result follows from Theorem H] (3) and 
Lemma |H1 □ 

Lemma 10. The functor from tamely ramified Tip-representations of Gk to Zip-representations of 
Goo, obtained by restricting the action of Gk to Goo, is fully faithful. 

Proof. The result follows from the fact that Gk is topologically generated by Goo and the wild 
inertia subgroup of Gk- D 

We remark that any semi-simple Fp-representation of Gk is automatically tame. 
The following proposition is a key of our proof of Theorem [T] 

Proposition 11. Let T G Yl&PtoA^ k) and T' e RepjQ^(Gif). Suppose that T is tame, pT — 
and e(r — 1) < p — \. Then all G 00 -equivariant morphisms T ^f T' and T' ^>- T are in fact 
Gk - equivariant. 

Proof. By duality, it is enough to show that any Goo-equivariant morphism T — )• T' is in fact 
Gif-equivariant. Consider the following commutative diagram: 



Horn,,, (T, T')(- Hom/^nG^ (T, T') 



Home,, [T, T'f HoniG^ (T, T). 

Let K™ be the maximal unramified extension of K^ Ik '■— Gd\{K / K™) the inertia subgroup of 
Gk and {K™)oo '■— Un>o -^"'(^")- Note that Gk is topologically generated by Ik and Goo, and 
note also that Ik^Goo — Gb\{K / {K™)ao) ■ Hence the above diagram allows us to reduce a proof to 
the case where k is algebraically closed. In the rest of this proof, we assume that k is algebraically 
closed. Under this assumption, an Fp-representation of Gk is tame if and only if it is semi-simple 
by Maschke's theorem. Thus we may also assume that T is irreducible. We claim that T\g^ is 
also irreducible. If not, there exists a non-zero irreducible sub Fp[G'oo]-niodule W of TJg^. Let K^ 
be the maximal tamely ramified extension of K and Ip := Gdl{K / K'^) the wild inertia subgroup 
of Gk- We see that K^ n K^o = K- Since Goo H Ip acts on W trivially, the Goo-action on W 
extends to Gk via the composition map Gk -^ GdX{K*' /K) ~ Goo/(Goo H/p). Thus we can regard 
W as an irreducible Fp[Gi<-]-module. By Lemma [TUl we see that W^ is a sub Fp[Gi<-]-module of 
T. This contradicts the irreducibility of T and the claim follows. By the claim and Proposition [51 
T\g^ is of the form Te{^{n)) for some n G 5max- Let 2Jl(n) be the {ip, G)-module as in CoroUary 
O We recall that Ts(S[)T(n)) is isomorphic to f{yK{n))\G^ (see Theorem g] (1)), and hence we 
have an isomorphism T\q^ ~ T{'^{n))\G^ ■ Applying Lemma [TUl again . we obtain an isomorphism 
T ~ r(*H(n)) as representations of Gk- Now we put r^ = max{r' e Z>o; e(r' — 1) < p— 1}. By our 
assumption for r, we have r < r^. By Theorem [4l (2), there exists Wl' = (OJl', ip, G) G Mod7g '"^^ 

such that T' ~ T(fDt'). Recall that fDt(n) is also an object of Modyg '"^^ and furthermore, its 
underlying Kisin module 2t(n) is maximal ( [CLll Proposition 3.6.7]). We consider the following 
commutative diagram: 

Homc^ (T, r')C Homc^ (T, T) 

Hom(an', mi{n)f-^^^^Rom(pn', m{n)) ^^^^ Hom(Max(OT'), ^i^))- 

The first bottom horizontal arrow is bijective by Theorem 21 (3) and so is the second by an easy 
argument. Since the right vertical arrow is bijective, the top horizontal arrow must be bijective. D 

Proof of Theorem [H The full faithfulness follows from a devissage argument and Proposition [TTl 
as below. Let T,T' be objects of RepjQ^(Gif). Take any Jordan-Hollder sequence = Tq C Ti C 
. . . C T„ = T of T. By Proposition [III if an exact sequence -)■ T' -)■ V -)■ Ti/Ti^i -^ in 
ReptQ^(Gi<-) spHts as representation of Goo, then it splits as a sequence of representations of Gk- 
On the other hand, note that the category 'R&p[^^{Gk) is stable under formation of subquotients 
and direct sums by Lemma [71 Thus it is an exact category in the sense of Quillen ([Qui Section 
2]). Hence short exact sequences in Repjoj. (Gi^) gives rise to exact sequences of Horn's and Ext's 
in the usual way. (This property holds for any exact category.) Therefore, comparing exact 
sequences of Horn's and Ext's arising from — ^ Ti_i — >■ T^ — ?► Ti/Ti-i — )• in the category 
Rep[oi.(Gi<-) with that in the category Reptoi.(Goo), we obtain the following implication (here, 
use Proposition [Til again) : if we have HomG^(Ti_i,r') = HomG^(Ti_i,T'), then it gives the 
equality Honic^ {Ti,T') — Homg^ {Ti, T'). Hence a devissage argument works and the desired full 
faithfulness follows. D 

Corollary 12. Suppose e(r— 1) < p— 1. Then the essential image of Kep^^,.{G k) -^ R'eptoj.(Goo) 
is stable under formation of subobjects and quotients. 

Proof. It is enough to prove that any Goo-stable submodule T' of T g RepJ'oj (Gi^:) is in fact 
Gif -stable. We proceed by induction on n > such that p"T = 0. Suppose n = I. Take 



any sequence T' = Tg C Ti C ■ ■ ■ C Tm — T of torsion Goo-stable submodules of T such that 
Ti/Ti^i is irreducible for any i. As explained in the proof of Proposition 1111 the Goo-action on 
Tm/Tm-i can be (uniquely) extended to Gk, and then Proposition [TT] implies that the projection 
map T = r,„ -^ Tm/Tm^i is Gi<--equivariant. Hence Tm-i C T„j = T is G/f-stable. Repeating 
this argument, we see that T' C T is Gx-stable. For n > 1, we can apply the same argument of 
the latter half proof of Theorem 3.4.3 in |Br2| . D 

The following result follows from the same method of the proof of Corollary 3.4.4 in |Br2j . 

Corollary 13. Suppose e(r — 1) < p — 1. Let V be a crystalline Qp-representation of Gk with 
Hodge-Tate weights in [0,r] and T d V a lip-lattice which is stable under Goo- Then T is stable 
under Gk- 

4 Crystalline lifts and c-weights 

We continue to use the same notation as in Section 2 except for that we may allow p = 2- We 
remark that a torsion Zp-representation of Gk is torsion crystalline with Hodge-Tate weights in 
[0, r] if there exist a lattice L in some crystalline Qp-representation of Gk with Hodge-Tate weights 
in [0, r] and a G/^-equivariant surjection f:L—>*T. We call / a crystalline lift {of T) of weight 
< r. Our interest in this section is to determine the minimum integer r (if it exists) such that T 
admits crystalline lifts of weight < r. We call this minimum integer the c-weight of T and denote 
it by Wc{T). If T does not have crystalline lifts of weight < r for any integer r, then we define the 
c-weight Wc{T) of T to be oo. Motivated by |.CL2i Question 5.5], we raise the following question. 

Question 14. For a torsion "Lp-representation T of Gk, is the c-weight Wc{T) of T finite? Fur- 
thermore, can we calculate Wc{T)? 

4-1- General properties of c-weights- We study general properties of c-weights. At first, by 
ramification estimates, it is known that c-weights may have infinitely large values f |CL2I Theorem 
5.4]); for any c > 0, there exists a torsion Zp-extension T of Gk with Wc(T) > c. In below, we 
mainly consider representations with "small" c-weights. If c-weights are "small" , they are closely 
related with tame inertia weights. Now we recall the definition of tame inertia weights. Let Ik be 
the inertia subgroup of Gk - Let T be a d-dimensional irreducible Fp-representation of Ik - Then 
T is isomorphic to 

for one sequence of integers between and p — 1, periodic of period d. Here, Od,i, - - - , Od,d are the 
fundamental characters of level d. The integers rii/e, . . . , n^/ e are called the tame inertia weights 
of T. For any Fp-representation T of Gk, the tame inertia weights of T are the tame inertia 
weights of the Jordan- Holder quotients of Tj/^. 

Let Xp ■ Gk —>■ Zp be the p-adic cyclotomic character and Xp • Gk -^ Fp the mod p cyclotomic 
character. It is well-known that Xp\ik — ^i where Oi: Ik -^ F^ is the fundamental character of 
level 1. In particular, denoting by K^'^ the maximal unramified extension of K, we have [7^"''(/ip) : 
if"] = (p-l)/gcd(e,p-l). 

Proposition 15. (1) Minimum c-weights are invariant under finite unramified extensions of the 
base field K- 

(2) The c-weight of an unramified torsion lip-representation of Gk is 0. 

(3) Put V — {p— l)/gcd(e,p— 1). If v(s—l) < Wc(T) < vs, then we have v{s~ 1) < Wc{T'^) < vs- 
In particular, if p ~ 1 \ e, then we have Wc{T) = Wc(T'^)- 

(4) Let T be an ¥p-representation of Gk o,nd i the largest tame inertia weight of T . Then we have 
Wc{T) > i- 



Proof. (1) Let T be a torsion Zp-representations of Gk- Let K' be a finite unramified extension 
oi K. It suffices to prove that T has crystalhne lifts of weight < r if and only if T\cj^, has 
crystalline lifts of weight < r. The "only if" assertion is clear and thus it is enough to prove 
the "if" assertion. Let /: i -» ^Iga-' tie a crystalline lift of rjc^,, of weight < r. Since K' / K 
is unramified, Ind^ ^ L is a lattice in some crystalline Qp-representation of Gk with Hodge- Tate 
weights in [0, r]. Furthermore, the map 

lnA%lL = Zp[Gk] ®z,[g^,] L-^T, a®x^ a{f{x)) 

is a G/f-equivariant surjection and hence we have done. 

(2) The result follows from (1) immediately. 

(3) Taking a finite unramified extension K' of K with the property [K^'^{iJLp) : K™] — [K'{^p) : 
K']^ it follows from Lemma [7] that we have v{s — 1) < 'Wc{T\qi ) < z/s if and only if we have 
v{s — 1) < Wc{{T^)\g' .) ^ vs. Thus the result follows from the assertion (1). 

(4) If eWc{T) > p— 1, then there is nothing to prove, and thus we may suppose that eWc{T) < p— 1. 
Let L ^> T be a crystalline lift of T of weight < Wc{T). Since the tame inertia polygon of L lies on 
the Hodge polygon of L f jCSi Theoreme 1]), the largest slope of the former polygon is less than or 
equal to that of the latter polygon. This implies Wc{T) > i. D 

Theorem 16. Let T be a tamely ramified ¥p-representation of Gk- Let i be the largest tame 
inertia weight of T . Then we have Wc(T) = min{/i £ Z>o;/i > i}. 

Proof. The proof below is essentially due to Caruso and Liu (CL2[ Theorem 5.7], but we give a 
proof here for the sake of completeness. Put io — inm{h £ Z>o;/i > i}. By Proposition [15] (4), 
we have Wc{T) > iq. Thus it suffices to show Wc(T) < io. We note that T\i^ is semi-simple. 
Any irreducible component Tq of T|/^, is of the form ¥pd{9^\ ■ ■ ■ 9^''^) for one sequence of integers 
between and p — I, periodic of period d. We decompose Uj = eruj + n' by integers < ruj < io 
and < n'j < e. Now we define an integer kj^^ by 
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Note that we have Uj — X^fci %,^j ^^'^ ^^^^ have an //f-equi variant surjection 

To^¥p4o-A---oz)- <S) v(^ir---^fe^)- (g) v(<r---^S')- 

e=i,...io,v^a i=i,...io,Vp 

By a classical result of Raynaud, each Fpd((?^Y ' ' '(^dd) comes from a finite flat group scheme 
defined over K™ . We should remark that such a finite flat group scheme is in fact defined over a 
finite unramified extension of K . Since any finite flat group scheme can be embedded in a p-divisible 
group, the above observation implies the following: there exist a flnite unramified extension K' 
over K, a lattice L in some crystalline Q^-representation of Gk' with Hodge- Tate weights in [0, iq] 
and an /i<--equivariant surjection f : L ^* T. The map / induces an /i<--equivariant surjection 
/: L/pL -» T. Since L/pL and T is finite, we see that / is in fact Gi<-"-equivariant for some finite 
unramified extension K" over K', and then so is /. Therefore, we obtain Wc{T\gj^ii) < io- By 
Proposition [15] (1), we obtain Wc{T) < jq. D 

4.2. Rank 2 cases. We give some computations of c-weights related with torsion representations 
of rank 2. We prove the following lemma by an almost identical method with [GLSi Lemma 9.4]. 

Lemma 17. Let K be a finite extension of Qp. Let E be a finite extension of Qp with residue 
field ¥. Let i and v be integers such that v is divisible by [K{iJ,p) : K]. Suppose that T is an 



e 


if 1 <£< mj. 


"', 


if £ = nij + 1, 





if £ > mj + 1. 



¥ -representation of Gk which sits in an exact sequence (*) : — > F(i) — > T — > F — > of ¥- 
representations of Gk- Then there exist a ramified degree at most 2 extension E' over E, with 
integer ring Oe', and an unramified continuous character x: Gk — > F^ with trivial reduction 
such that (*) is the reduction of some exact sequence — >■ C_E'(xXp^'') ^ A ^ Oe' -^ of free 
O E' -representations ofGK- Furthermore, we have the following s: 

(1) If i + v = 1 or xlr^ 7^ I7 then we can take E' = E and x — ^■ 

(2) If i + ly = and T is unramified, then we can take E' — E , x — ^ o,rid A to be unramified. 

Proof Suppose i + i^ = 1 (resp. x^~* 7^ 1). Then the map H^{K,OE{i + i^)) -^ H^{K,¥{i)) 
arising from the exact sequence — )■ ©^(i + v) ^^ OE{i + v) ^^ ¥{i) ^ is surjective since 
H'^{K,Oe{^)) — Oe (resp. H'^{K,OE{i + v)) = 0), where 07 is a uniformizer of E. Hence we 
obtained a proof of (1). The assertion (2) foUows immediately from the fact that the natural map 
H\Gk/Ik,Oe) -^ HHGk/Ik,¥) is surjective. 

In below, we always assume that i + i^ y^ I and xl^^ = 1- Let L E II^{K,¥{i)) be a 1- 
cocycle corresponding to (*). We may suppose L 7^ 0. For any unramified continuous character 
X'- Gk "> F^ with trivial reduction, we denote by 

S^: H\K,¥{t)) ^ H\K,OE{xx'p+n) 
(resp. 6l: H^K^E/OEix-^^-'-")) ^ H\K,¥)) 

the connection map arising from the exact sequence -^ Oe{xx]^'^) ^^ O e{xx]^'^) ^ ^{^) ^ 
(resp. ^ F ^ E/OE{x'^x]r'''') ^ E/OEix'^xlT"''') ^ 0) of ©^[GKl-modules. Consider the 
following commutative diagram: 

H\K,¥{i)) X ifi(X,F) ^E/Oe 

*i 

H^K,OE{xx;-^n) X H"{K,E/OE{x''xl~"n) ^E/Oe 

Since the above two pairings are perfect, we see that L lifts to H^{Gki ^Eixxlt'^)) if ^nd only if 
H is contained in the image of (5° Here, H C II^{K, F) is the annihilator of L under the local Tate 
pairing H^{K,¥{i)) x H^{K,¥) — > E/Oe- Let n > 1 be the largest integer with the property that 
X~^Xp * "^ — 1 mod nj" (such n exists since Xp * — 1 a-nd 1 — i — v^Q). We define a^ : Gk -^ Oe 
by the relation X^^Xp * "^ = l+zu^a^, and denote {a^ mod zu) : Gk — > F by a^. By definition, a^ 
is a non-zero element of H^{K, F), and it is not difficult to check that the image of (5° is generated 
by a^. If a^ is contained in H for some x, we are done. Suppose this is not the case. 

Suppose that H is not contained in the unramified line in II^{K,¥). We claim that we 
can choose x such that a^ is ramified. Let m be the largest integer with the property that 
(x~"'^Xp~*~'')|/k — 1 mod tu". Clearly, we have m > n. If to = n, then we are done and thus 
we may assume m > n. Fix a lift g e Gk of the Frobcnius of K. We see that Oi^{g) 7^ 0. Let 
x' be the unramified character sending 5 to 1 + zu"'a^{g). Then x' has trivial reduction. After 
replacing x with xx'? we reduce the case where m — n and thus the claim follows. Suppose a^ 
is ramified. Then there exists a unique a; G F^ such that a^ + Ug (z H where Ux '■ Gk — > F is 
the unramified character sending g to x. Denote by x" the unramified character sending g to 
1 + w"'a^{g). Replacing x with xx"j we have done. 

Suppose that H is contained in the unramified line in II^{K,¥) (thus H and the unramified 
line coincide with each other). By replacing E with E{^/w), we may assume that n > 1. Let xo be 
a character defined by x times the unramified character sending our fixed 5 to 1 -|-t37. Since n > 1, 
we see that X(7^Xp~'"'' — 1 to^oA vj and X(7^Xp^* "^ ^ 1 niod vj"^ . We define a^o : Gk -^ Oe by 
the relation Xa xIT^'^ ~ 1 '^'^'^xo^ ^-nd denote (a^^ mod zu) : Gk — )■ F by a~^„. By definition and 
the assumption n > 1, a^^ is a non-zero unramified element of H^{K,¥), hence it is contained in 
H. Therefore, we have done. D 



Let K he a. finite extension of Qj,, n > 2 an integer and x- Gk -^ E^ sxv unramified character. 
Since any ^-representation of Gk wliich is an extension of E by E(xxZ) i^ automatically crystalline, 
we obtain the following. 

Proposition 18. Suppose p > 2. Let K be a finite unramified extension of Qp. Let T G 
ReptQ^(G'x) be killed by p and sit in an exact sequence — > Fp(i) — > T — > Fp — > o/ Fp- 
representations o/Gk- Then we have the following s: 

(1) If i — and T is unramified, then we have Wc{T) — 0. 

(2) If i — and T is not unramified, then we have Wc{T) = p — 1. 

(3) If i = 2, . . . ,p — 2, then we have wdT) = i. 

Proof. (1), (2) By Lemma [T7] (2), it suffices to prove that T is not torsion crystalline with Hodge- 
Tate weights in [0,p—2] if T is not unramified. Let Kt be the definition field of the representation 
T of Gk and put G = Gal{KT/K). Let G^ be the upper numbering j'-th ramification subgroup 
of G (in the sense of [Se]). Since T is not unramified and killed by p, we see that Kt is a totally 
ramified degree p extension over K. Thus G^ is the wild inertia subgroup of G and G^ = G, 
which does not act on T trivial by the definition of G. Thus we obtain the desired result by 
ramification estimates of [FoJ (or [Abl] ) for torsion crystalline representations with Hodge- Tate 
weights in [0,p — 2]: if T is torsion crystalline with Hodge- Tate weights in [0,p — 2], then G^ acts 
on T trivial for any j > {p — 2)/(|5 — 1). 
(3) The result follows immediately from Proposition [15] (4) and Lemma [TTl D 

Corollary 19. Let K be a finite unramified extension of Qp. Then any 2-dimensional ¥p- 
representation of Gk is torsion crystalline with Hodge-Tate weights in [Q,2p— 2]. 

Proof. If T is irreducible, the result follows from Theorcm[T6l Assume that T is reducible. Since K 
is unramified over Qp, any continuous character Gk -^ F^ is of the form xXp fo^ some unramified 
character x and some integer i. Replacing K with its finite unramified extension, we may assume 
that T sits in an exact sequence —J- Fp(i) ^- T — > Fp(j) — >■ of Fp-representations of Gk, where 
i and j are integers in the range [0,p — 2] (we remark that Wc{T) is invariant under unramified 
extensions oi K by Proposition [TS] f 1 ) ) . It follows from Lemma [iTl that Wc{T{—j)) < p. Therefore, 
we obtain Wc{T) = Wc{T{-j) ®f, Fp(j)) < Wc{T{~j)) + Wci¥p{j)) < p + {p - 2) = 2p - 2. D 

4.3. Extensions of ¥p by Fp(l). By Lemma [T71 we know that the c-weight Wc{T) of an Fp- 
representation T of Gk which sits in an exact sequence ^ Fp(l) -> T ^- Fp ^- of Fp- 
representations of Gk, is less than or equal to p. In below, we calculate Wc(T) for such T more 
precisely. We should remark that such T is written as p-torsion points of a Tate curve. Hence we 
consider torsion representations coming from Tate curves. 

Let vk be the valuation of K normalized such that vk{K'^') — Z, and take any q e K^ with 
VK{q) > 0. Let Eg be the Tate curve over K associated with q and £'<;[p"] the module of ^"-torsion 
points of Eq for any integer n > 0. It is well-known that there exists an exact sequence 

(#) ^ Up,. -^ Eg [p"] ^ Z/p"Z ^ 

of Zp[G'i<-]-modules. Here, fj,pn is the group of p"-th roots of unity in K. Let x„ : Gk ^^ fJ'p" be 
the 1-cocycle defined to be the image of 1 for the connection map H^ [K ,"£ / p'^'^'L) — > H^{K,iipn) 
arising from the exact sequence (#). Then a;„ corresponds to q mod [K^Y via the isomorphism 
K^ /{K^y ~ H^{K,^pi.) of Kummer theory. Thus the exact sequence (#) splits if and only if 

First we consider the case p \ vk{q) (i-e. peu ramifie case). 

Lemma 20. Let K be a finite extension of Qp. If p \ VK{q), then Eq[p] is the reduction modulo p 
of a lattice in some 2-dimensional crystalline Qp-representation with Hodge-Tate weights in [0, 1]. 
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Proof. Since p \ VK{q), there exists q' £ K^ such that VK{q' — 'i^) > and q ^ q' mod [K'^Y . 
Considering the exact sequence 0— ?'Zp(l) — >L— 7>Z— T^Oof Zp-representations of Gk correspond- 
ing to q' via the isomorphism H^{K,'Lp{l)) ~ hm K'^ /{K^Y of Kummer theory, we obtain the 
desired result. D 

Corollary 21. Suppose that K is a finite extension of Qp, (p — 1) \ e and p \ vniq)- Then we 
have Wc{Eq[p]) = 1. 

Proof. By the assumption {p — 1) \ e, we know that the largest tame inertia weight of Eq[p] is 
positive. Thus Proposition [15] (4) shows Wc{Eq[p]) > 1. The inequality Wc{Eq[p]) < 1 follows from 
Lemma [201 D 

Next we consider the case p \ vxiq) (i-e. tres ramifie case). 

Proposition 22. // e(r — 1) < p — 1 and p | vxiq), then iJq[p"] is not torsion crystalline with 
Hodge-Tate weights in [0,r] for any n > 0. 

Remark 23. If e = 1, the fact that Et^Ip"^] is not torsion crystalline with Hodge-Tate weights in 
[0,p ~ 1] immediately follows from the theory of ramification bound as below. We may suppose 
n — 1. Suppose Ej^lp] is torsion crystalline with Hodge-Tate weights in [0,p — 1]. Then the upper 
numbering j'-th ramification subgroup G]^ of Gk (in the sense of |Se| ) acts trivially on Et^Ip] for 
any j > 1 ([Abl' Section 6, Theorem 3.1]). However, this contradicts the fact that the upper 
bound of the ramification of Ej^lp] is 1 -I- l/(p — 1). 

Proof of Provosition \22[ We may suppose n = 1. We choose any uniformizer n' of K. Putting 
VK{q) — "in, we can write q — (7r')™x with some unit x of the integer ring of K. Since m is 
prime to p, we have a decomposition x = Qy"^ m. K^ for some ^ > prime to p and y € K 
with VKiy — 1) > 0. Here Q is a (not necessary primitive) ^-th root of unity. Since i is prime 
to p, we have Q — C,Y fo^' some integer s. We put tt — ■n'y. This is a uniformizer of K . Choose 
any p-th root tti of tt and put qx = Q^T G KiT^i)^ ■ Then we have q = q\ € {K{t:i)'^Y ^^d in 
particular, the exact sequence (#) (for n = 1) splits as representations of Ga\{K / K {tti)) . Now 
assume that Eq[p\ is torsion crystalline with Hodge-Tate weights in [0, r]. Then (#) (for n = 1) 
splits as representations of Gk by Theorem [T] This contradicts the assumption p \ vk (q) (and 
hence q (^ (K^'Y)- D 

Now we put ri = min{r e Z>o;e(r — 1) > p — 1}. Recall that we have [K^'^{fip) : iiT"'] = 
(P- l)/gcd(e,p-l). 

Lemma 24. Let K be a finite extension ofQp. Then Eq\p\ is torsion crystalline with Hodge-Tate 
weights in [0, 1 + {p — l)/gcd(e,p — 1)]. 

Proof. Taking a finite unramified extension K' of K such that [K^''{p,p) : iiT""^] — [K'{iip) : K'], 
we obtain Wc{{Eq[p])\cj^,) < I + {p — l)/gcd(e,p— 1) by Lemma [T71 Thus we have Wc{Eq[p]) < 
l + {p- l)/gcd(e,p- 1) by Proposition [13 (1). D 

Corollary 25. Suppose that K is a finite extension ofQp, and also suppose e \ (p— 1) or (p—l) \ e. 
We further suppose that p \ vk(ci). Then we have Wc{Eq[p\) — ri. 

Proof. We have Wc{Eq[p]) < ri by Lemma 1241 In addition, we also have Wc{Eq[p]) > ri by 
Proposition [H D 

Lemma [Ml gives some non-fullness results on torsion crystalline representations. We denote by 
Gi the absolute Galois group of K{tti). 

Corollary 26. Suppose that K is a finite extension of Qp. If r > 1 + {p — l)/gcd(e, p — 1), then 
the functor from torsion crystalline "Zp-representations of Gk with Hodge-Tate weights in [0, r] to 
torsion Zp-representations ofGi, obtained by restricting the action of Gk to Gi, is not full. 
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Proof. Two representations -BjrW and Fp(l) © Fp are objects of 'R,e]i\^^{G k) by Lemma [24l They 
are not isomorphic as representations of Gk but isomorphic as representations of Gi. Thus the 
desired non-fullness follows. D 

Corollary 27. Suppose that any one of the following holds: 

• p = 2 and K is a finite extension 0/Q2 {in this case ri = 2); 

• K is a finite unramified extension of Qp (in this case ri — p); 

m K is a finite extension of Qp{p,p) (in this case ri = 2). 

Then the functor from torsion crystalline lip-representations of Gk with Hodge-Tate weights in 
[0,ri] to torsion Zp-representations ofGi, obtained by restricting the action of Gk to Gi, is not 
full. 
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